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Abstract. In a recent work, we proposed the coupled Painleve VI system with ^n+i" 
symmetry, which is a higher order generalization of the sixth Painleve equation (JVi)- In 
this article, we present its particular solution expressed in terms of the hypergeometric 
function n+ iF n . We also discuss a degeneration structure of the Painleve system derived 
from the confluence of n+ \F n . 
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1 Introduction 



The main object in this article is the coupled Painleve VI system with A2„ +1 -symmetry given 
in IHH], or equivalently, the Hamiltonian system Hn+1,1 given in [6]. It is expressed as a Hamil- 
tonian system on P 1 (C) 



K 'alt dpi y ' dt 



dH 

dqi ' 



1, . . . ,n, 



with 



i-1 



H = ^Hyi ^a 2 j+i - a 2 i-i - rj, ^ a 2j , ^ a 2 j , «2i-i??; Qi , P 

i=l j=0 j=0 j=i 

+ ^2 ( qi ~ l ^ q i ~ t ){{ ( liPi + a 2i-i)Vj +Pi(QjPj + a 2 j-i)}, 

l<i<j<n 

where Hy\ is the Hamiltonian for Pyi defined as 

Hyi[K , Ki, K t , k; q,p] = q{q - l)(q - t)p 2 - n (q - l)(q - t)p 

- Kiq(q - t)p - (ttt - l)q{q - l)p + nq. 

2n+l 

Here ato, . . . , a 2n +i and r\ are fixed parameters satisfying a relation ^ on = 1. We assume that 

4 = 

the indices of oti are congruent modulo 2n + 2. Note that the system ([I]) includes Py\ as the case 
n = 1. The aim of this article is to present a particular solution of the system ([TJ expressed in 
terms of the hypergeometric function n+ \F n . 



*This paper is a contribution to the Special Issue "Relationship of Orthogonal Polynomials and Spe- 
cial Functions with Quantum Groups and Integrable Systems". The full collection is available at 
|http://www.emis.de/journals/SIGMA/OPSF.html| 
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The hypergeometric function n +i-F n is defined by the power series 
ao, . . . ,a n 



n+\F n 



\t 



b 1 ,...,b n 

where (a)i stands for the factorial function 

T(a + i 



ao)i(ai)i ■ ■ ■ (a n )i i 

v i 



)i ■ ■ ■ (b n )i 



[a U, 



a(a + 1) ■ ■ ■ (a + i- 1) 



T(a) ■ 



Denoting by 5 = td/dt, we see that x = n +iF n satisfies an (n + l)-th order linear differential 
equation 



[5(5 + b 1 -l)---(5 + b n -l)-t(5 + a )---(5 + a n )]x = 0, 



(2) 



which is called the generalized hypergeometric equation [3] . The equation (J2j) is of Fuchsian type 
with regular singular points at t = 0, 1, oo and the Riemann scheme 



t = 


1-&1 



t = 1 


1 



t = CO 
ao 



1 - 6 n _i n-1 a„_i 

n n 

1 - b n -Yji l -bi) ~Yj a i a n 
i=l i=0 

Note that n +\F n includes the Gauss hypergeometric function as the case n — 1. 

In this article, we clarify a relationship between the system ([1]) and the function n+ iF n . For 
n = 1 among them, the relationship between Pyi an d the Gauss hypergeometric function is well 
known. Under the system ([I]) of the case n = 1, we consider a specialization p = rj = 0. Then 
we obtain a Riccati equation 

*(* = a ^i 2 + {(°3 + a o)t - ("o + «i)} 9 - «3*- 

at 

Via a transformation of a dependent variable 

g =*^^log{(t-l)-»x(t)}, 
ct\ dt 

we obtain the Gauss hypergeometric equation 

[5(5 + a 2 + a 3 - 1) - t(5 + qi + a 2 + 0:3) (<5 + "3)]^ = 0. 

The result of this article gives a natural extension of the above fact. For general n, we consider 
a specialization p\ = ■ ■ ■ = p n = rj = 0. Then we obtain the generalized hypergeometric equation 
by a certain transformation of dependent variables. 

We also discuss a degeneration structure of the system ([T|) derived from the confluence 
of n +iF n . The confluent hypergeometric functions n - r +iF n (r = l,...,n+ 1) are defined 
by the power series 



n—r+l^n 



h,...,b n 



( Q r)i " " " (, a n)i j_j 



i=0 



• • • (bn)i 
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The process of confluence n - r+ 2F n — > n _ r+ iF n is given by a replacement 

t — > et, a r -i — > e , 

and taking a limit e — > 0. We see that x = n - r+ iF n satisfy the confluent hyper geometric 
differential equations 

[6(6 + h - 1) • • • (8 + b n - 1) - t(8 + or) ■ ■ ■ (8 + a n )]x = 0. (3) 

In this article, we propose a class of higher order Painleve systems which admit particular 
solutions expressed in terms of n - r +iF n . 

Remark 1. In this article, we study a higher order generalization of Pyi- On the other hand, 
for a multi-time generalization, it is known that the Garnier system admits a particular solution 
in terms of the Appeil-Lauricella hyper geometric function Fjj [2]. 

This article is organized as follows. In Section [2j we derive a system of linear differential 
equations from the system (fTJ by a specialization p\ = ■ ■ ■ = p n = r) = 0. In Section O 
we give its fundamental solutions expressed in terms of the hypergeometric function n +iF n in 
a neighborhood of the singular point t = 0. In Section we discuss a degeneration structure of 
the system (jXJl derived from the confluence of n+ \F n . 



2 Linear differential equations 

In this section, we derive a system of linear differential equations from the system ([I]) by a spe- 
cialization pi = ■ ■ ■ = p n = rj = 0. 

We first consider a symmetric form of ([I]) in order to derive a system of linear differential 
equations. Let Xi, yi (i = 0, . . . , n) be dependent variables such that 

d n 

t(l - t)—\ogx n = {(qi - l)(qi - t)pi + a 2 i-iqi} + ta 2n +i - (t + l)r), 



and 



dt 



XnQi tpi . 1 / 

Xi-i = — — , Vi-i = — , i = l,...,n, y n = 2^^' +r? 



Then we obtain a Hamiltonian system of (2n + 2)-th order 

dxj_ = dH_ dm = _dH_ - = n ^ 

dt dyi ' <9xj ' 

with a Hamiltonian 



i=0 [ j=0 
^ n n 



where 



0, I G 



4 = < k + l 



J2 «i, l E Z> . 

i=k 
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The dependent variables Xi, yi and the fixed parameter r\ satisfy a relation 

n 

XiVi + r) = 0. 



i=0 



Remark 2. The symmetric form is suggested by the Hamiltonian system given in Theo- 
rem 3.2 of [1]. Their relationship is given by 



W 2 i+1 



t 



i-n+pi+K2„+i-K 
1 



<^2i+l 



i — n+pl+K2n+l— KO ' 



t 



n+l 



and 



3=0 



Pi + — K-2i+l 

n + l ' 

K2i — 2K2i+l + K2i+2 



0-2i 



1 + K 2 i-l — 2K 2 j + ^2i+l 

n + l 



n+l 
for i = 0, . . . , n. 

Remark 3. The system Q, or equivalently the system (TTJ, admits the affine Weyl group 
symmetry of type A^J +1 ; see Appendix [Bj 

We can derive easily a system of linear differential equations from the symmetric form by 



the specialization yo = ■ ■ ■ = y n = rj = 0, which is equivalent to p\ 
be the matrix unit defined by 

Eij = ( S i,k S j,l)k,l=o ■ 
For example, in the case n = 2, it is explicitly given as 



Pn = V = 0. Let Eij 



El, 



1 




Ei, 



1 




E2, 





1 



Ei: 




1 



Then we obtain 

Proposition 1. The system @ admits a specialization 

yi = 0, i = 0, ...,n, n = 0. 

Then a vector of the variables x = 1 (xq, . . . , x n ) satisfies a system of linear differential equations 
on P^C) 



dx = (Ao + A^ ] 



dt \ t 1-t 



(5) 



with 



n-l 



a 



, 2n-2i- 
2i+2 



n— 1 n n n 

' l )Ei,i + £ a 2j+iEi,j, A 1 = £ £ a 2j+ iE iij . 

i=0 i=0 j=i+l i=0 j=0 

Furthermore, the system © is of Fuchsian type with regular singular points at t = 0, 1, oo. The 
data of eigenvalues of its residue matrices is given as 



-a 



2n-l 

2 > ■ ■ ■ ) "2™' 
n 



,-al n ,0 at t = 0, 

0, • • • , 0, - ^2 a 2i+i a* * = 1, 

i=0 

af n , ...,al n _ 1 , a 2n +i at t = oo. 
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Remark 4. The system (jU also admits a specialization 

Xi = 0, i = 0, . . . , n - 1, x n y n + r? = 0, 77 - a 2 «+i = 0, 

which is equivalent to q\ = ■ ■ ■ = q n = r] — a<m+\ = 0. Then a vector of the variables y = 
t (yo, ■ ■ ■ , y n ) satisfies a system of linear differential equations 

dy = (Ao 

dt v * i - 1) 

with 

n— 1 Ti— 1 i— 1 n 

7=0 7=1 j=0 j=0 

n—1 n n 

A\ = ^ ^(-a 2 j+i)-E , ij + ^ a 2n +i-E ; n,j- 

i=0 j=0 j=0 

We always assume that 

n 

a 2i _1 £ Z > a2i+1 ^ Z ' a 2i-i ^ Z ' i = 1, . . • , n, j = 1, . . . ,n - i + 1. 

i=0 

In the next section, we describe fundamental solutions of the system ([5]) in a neighborhood of 
the singular point t = explicitly. 



3 Hypergeometric function n+ iF n 

In this section, we give fundamental solutions of the system ([5]) expressed in terms of the 
hypergeometric function n +iF n in a neighborhood of the singular point t = 0. 
For each k = 0, . . . , n, we consider a gauge transformation 

(71 — fc — 1 71 \ 

2^ t ^i.i+fc+l + 2^ ^7,7-n+fc X. 
7 = 7=77 — k / 

Then the system (|5|) is transformed into 
with 

77 — 1 71 — 1 77 

A = ^2(- a 2k+2i+l) E i,i + ^2 a 2j+2A;+3-E7j, 

7=0 7 = j = 7 + l 

77 77 

A i = a 2 j+2k+3Eij. 

7=0 j=0 

Recall that indices of the fixed parameters a.% are congruent modulo 2n + 2, from which we have 
a 2/c+2n+2 = a \k- We a ^ so consider a formal power series of x fe at t = 

oo 

7=0 
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(7) 



Then the system Q implies 

Ak k _ n 
/i X — U, 

{A k - (i + l)J}x*.i = (4* - A? - il)x* i G Z> , 

where / stands for the identity matrix. The matrices Aq and Aq — (i + 1)/ are of rank n and 
n + 1, respectively. It follows that the recurrence formula ([7]) admits one parameter family of 
solutions. 

For each k = 0, . . . , n, we can show that a sequence of vectors 



X; 



rr V"2fc-2j+i- 1 

11 (a 2j+1 )-i 
j=0 V 2k-2j' l + 



n-2 {a 2j 



n 

j=0 



2k~2j 



(a. 



2j+r 



( a 2fc+3)» 
7 2n + I \ 

2n-2\ ^„.2n 



2A— r> 



)i( a 2fc+3) 



2fc-2j^ i + 1 



7 2n-l\ / 2 + l \ 
\ a 2k+4, M«2fc+2 )i 



(Ogfc+ljt+l TT > -"2fc+2j+3-'' 
7TI v 11 , 2n — 2j + l\ 



(a 



2n— 2j 



TT ^2fc + 2j + 3-" 
11 , 2n-2j + lv 
j=0 t -"2fe+2j+2 ^ 



1 € Z 



satisfies the recurrence formula ([7]) by a direct computation. Note that a 2 fc+2 = ^' Therefore 
we arrive at 

Theorem 1. On a domain \t\ < 1, the system ([5]) admits fundamental solutions 

- f k,k - 



x 



_ 2n-2fc-l 
t a 2k+2 



f k,0 
f fk,n 



where 



ek.l 



n 



Q: 



tf k 



.2i-2 
2k-2i+3 



k,k+l 



k = 0, . . . , n, 



2i-l 



1 a 2fc-2i+2 



Oo, • • • , o» 
&i,... A 



with 



_ 2n 
a — a 2k-2n+li 



1 + a 



2i~2 

2fc-2i+3> 



1 + a 



2i-l 

2fc-2i+2' 



a 



,2i-2 
2fc-2i+3' 



6,; = Q 



2i-l 

2fc-2«+2' 



1,...,/, 

I + 1, . . . ,n. 



Corollary 1. If the vector*. = t (xQ, . . . ,x n ) satisfies the system ([5]), each component xi satisfies 
the generalized hyper geometric equation ([2]) with 



~2n 

a = a l , 
— i _i_ 2 i~ 2 

a j — 1 + a 2n-2j+3' 



1 + a 



2j-i 

2n-2j+2' 



2j-2 , 2j-l 



1. 

n 



. ,n-i, 
i + 1, . . . ,n. 



"3 ~ ' a 2n-2j+3' 3 ~ LX 2n-2j+2' 

Remark 5. The system (|5|) have been already studied by Okubo-Takano-Yoshida [3]. They 
considered the Fuchsian differential equation of Okubo type and obtained its fundamental so- 
lutions at singular points t = 0, 1. 
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4 Degeneration structure 

In this section, we discuss a degeneration structure of the system ([!]) derived from the confluence 

of n+lFn- 

For each r = 1, . . . , n + 1, we consider a Hamiltonian system 

dxj__dH_ dyi _ _dH_ ._ 
at ayj at axj 

with a Hamiltonian 

n j r— 2 n 

tH = Y, - 2a %+2~ 1 ) + Xi + iVi + Z ( 

i=0 2=0 i=r— 1 



tx + ^ x j( x jVj + «2i+i) f yi 



Here a, (i = 0, . . . , 2n + 1) and r\ are fixed parameters satisfying 

n n 

an = 0, 7 = 0, ...,r-l, y^a 2 j+i + X^ a2 J = 1 ' 

j=0 j=r 

and 

n 
j=0 

Note that 

2n+l n n 



2n-2i- 
°2i+2 



j'=2i+2 j=i+l j=max(r,i+l) 

The system n - r+ iH n is obtained from n _ r+ 2% n by a replacement 

i -4- et, «2r-2 — > — e" 1 , Q!2t— 1 ~ > «2r-l + 

Xj^e" 1 ^, yi^-eyi, i = 0, . . . , r - 2. 
and taking a limit e — > 0, where n +i7i n stands for the system @. 

Remark 6. Such degenerate systems also can be rewritten into the Hamiltonian systems in 
terms of the canonical coordinates. We give their explicit formulas for n = 1 and n = 2 in 
Appendix [A] 

The system n _ r+ \H n admits a specialization 

Vi = Q, 7 = 0, . ..,71, 7/ = 0. 

Then a vector of the variables x = (xq, . . . , x n ) satisfies a system of linear differential equations 
n - r+1 £ n : ^=(^+V)x, 

with 

n— 1 r— 2 n— 1 n 

^0 = Z(~ Q 2r+2 2l ~ 1 ) £; M + Z jE;i ' i + 1+ Z Z Q 2j+l^J, 
i=0 i=0 i=r— 1 j'=i+l 

n 

i=r— 1 

Note that n _ r +i£ n is obtained from n _ r _|_2£n through the above process of confluence. 
In a similar manner as Section [3l we arrive at 
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Theorem 2. On a domain \t\ < 1, the system n _ r+ iC n admits fundamental solutions 

rk,k 
Jr 



_ 2n-2fe-l 
X = t 2fc + 2 



c k,0 



k.n 



tf, 



k,k+l 



k = 0, . . . , n, 



where 



fk,l 
Jr 



n 



a 



2i-2 
2fe-2i+3 



n 



i 



l<i<l 
mod[A;— i+l,n+l]>r 



Ki<l °2k-2i+2 



2t-l 



n—r+l^n 



a r , 



and 



mod[z, n + 1] = i — m(n + 1) for m(n + 1) < i < (m + l)(n + 1). 
/fere i/ie parameters a r , . . . ,a n are given by 



_ 2k-2r+2i+2 
Hi — «2r-2i-l ' 



for k + 1 < r and I < k + 2; 

, 2k-2r+2i+2 

Oi = l + a 2r _ 2j _i , 

„ _ _2fc-2r+2i+2 
"* — "2r-2i-l ' 

/or k + 1 < r and k + 2 < I; 



_ 2k-2r+2i+2 
a i — «2r-2i-l > 

a . - 1 + 2fc-2r+2i+2 
2 "2r-2i-l ' 

„ _ _2fc-2r+2i+2 
"* ~~ a 2r-2i-l ' 



r, n, 



i = r, . . . , r — k + 1 — 2, 
i = r — k + 1 — 1, . . . , n, 

i = r, . . . ,n + r — k — 1, 

i = n + r — k, . . . ,n + r — k + 1 — 1, 

i = n + r — k + I, . . . ,n, 



for r < k +1 and I < k — r + 1; 



_ ^,2fc-2r+2i+2 
■2r-2i-l ' 



a,- = a 



a,- = 1 + a 



,2fe-2r+2i+2 



i = r, . . . ,n + r — k — 1, 
i = n + r — . . . , n, 



*2r-2i-l ' 

for r < k+1 and k - r + 1 < I < k + 2; 

i = r, ...,r — k + 1 — 2, 
i = r — k + 1 — 1, . . . , n + r — A; — 1, 
i = n + r — fc, . . . , n, 



a . - 1 + 2fc-2r+2i+2 
2 "2r-2i-l ' 

„ _ _ 1 2fc-2r+2i+2 
"» ~~ a 2r-2i-l ' 

O . - 1 4- 2fc-2r+2i+2 



for r < k + 1 and k + 2 < / . T/ie parameters b\ , . . . , b n are given by 



h = 1 + a 



2i-l 

2fc-2i+2' 



i = l,...,l, 



L = a 



2i-l 

2fc-2i+2' 



= I + 1, . . . ,n. 
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Corollary 2. If the vector x = t (xo, . . . ,x n ) satisfies the system n _ r+ \C n , each component Xi 
satisfies the confluent hypergeometric equation Q with 

— 1 _l_ 2n-2r+2j+2 • _ 

a>j — i + ot2 r _2j— i ! J — r, . . . ,n, 
for i < r — 1, 

-. . 2n-2r+2j+2 ■ . 1 

dj = l + a 2r _ 2 -_ x J , j =r,...,n + r-i-l, 

2rc-2r+2j'+2 ■ , 

a 3 = «2r-2i-i > j =n + r -i,...,n, 

for r — 1 < i and 

bj = 1 + a 2n-2j+2' J = 1) • • • ) n — ^5 

b i = a 2n-2j+2> j = n - i + 1, . . . , n, 

/or any i. 

A Canonical Hamiltonian system 

The systems n - r +iH n can be rewritten into the Hamiltonian systems in terms of canonical 
coordinates. In this section, we give their explicit formulas for n = 1 and n = 2. Note that 
3_ r %2 appear in the classification of the fourth order Painleve type differential equations [5]. 

A.l Case n = 1, r = 1 

Under the system iHi, we take canonical coordinates 

x xx(xiyi + a 3 ) 
? = — , p= • 

Via a transformation of the independent variable t —¥ —t, we obtain a Hamiltonian system 

dq_dH_ dp_ dH 
dt dp ' dt dq ' 

with a Hamiltonian 

£if = g(g - l)p(p + t) - qp(j] + q 2 - a 3 ) + (rj - a 3 )p + ta 3 q. 
It is equivalent to the fifth Painleve equation. 

A.2 Case n = 1, r = 2 

Under the system oHi, we take canonical coordinates 
xi 

q = — , p = zo2/i- 
x 

Then we obtain a Hamiltonian system 

dq_dH_ dp_ dH 
dt dp ' dt dq 1 

with a Hamiltonian 

tH = q 2 p{p — 1) + (77 + a^oj? + tp — nq. 
It is equivalent to the third Painleve equation. 
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A.3 Case n = 2, r = 1 

Under the system 2 H 2 , we take canonical coordinates 

x xi(x!yx + a 3 ) x x 2 (x 2 y 2 + a 5 ) 

qi = — , Pi = , 92 = — , P2 ~ 



X\ x x 2 x 

Via a transformation of the independent variable t — > —t, we obtain a Hamiltonian system 

dxu _ dH_ djH _ _dH_ - = 12 

dt dpi ' dt dqi ' 

with a Hamiltonian 

iif = g x (gi - l)pi(pi + i) - (77 + «2 - "3 - Q!5)gipi + (ry - a 3 - a 5 )pi 
+ a 3 % + (gi - l)j>ig 2 £>2 + (gi - l)(giPi + "3)^2 
+ 32(^2 - l)i?2(P2 + t) ~ (V + a 2 + «4 - a 5 )q 2 p 2 + (77 - a 5 )p 2 + a 5 ig 2 - 

A.4 Case n = 2, r = 2 

Under the system 1^2 5 we take canonical coordinates 

x\ x 2 

91 = — , pi = 1 - zoyi, 92 = — , P2 = -xqV2- 

Xq Xq 

Via a transformation of the independent variable t — > —t, we obtain a Hamiltonian system 

dqi__dH_ dpj, _ _dH_ i = \2 
dt dpi ' dt dqi ' 

with a Hamiltonian 

tH = qfpiipi - l) + (77 + a3)i?iPi + tpi - a 3 q 1 + q\p\q 2 p 2 + p\q 2 {st2P2 + a 5 ) 
+ q\P2{P2 - 1) + (?? + a 3 + a 4 + a 5 )q 2 p 2 + tp 2 - a 5 g 2 - 

A. 5 Case n = 2, r = 3 

Under the system q'H 2 , we take canonical coordinates 
x\ x 2 

qi = — , pi = 1 - zoyi, 92 = — , P2 = -xqV2- 

Xq Xq 

Via a transformation of the independent variable t — > —t, we obtain a Hamiltonian system 

dgj _ dH_ dpi_ _ _dH_ . _ 
9pi ' (it <9gj ' 

with a Hamiltonian 

£ff = qfpiipi - 1) + (77 + as)?!? 1 ! - a39i + q\P\q2P2 + Pi 92 
+ 92^2 + (t? + a 3 + a 5 )q 2 p 2 + tp 2 - q 2 . 
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B Affine Weyl group symmetry 

The system admits the affine Weyl group symmetry of type -A^n+i - ^ n ^ ms sec tion, we 
describe its action on the dependent variables and parameters. 

Recall that the affine Weyl group of type -A^n+i * s generated by the transformations r\ 
{i = 0, . . . , In + 1) with the fundamental relations 

rf = l, i = 0,...,2n+l, 



\TiTj 



,2-^=0, i,i = 0,...,2n + l, i^j, 



where 

0^1 = 2, i = 0, . . . ,2n + 1, 

= O2n+l,0 = = a 0,2n+l = ~ 1, £ = 0, . . . , 2n, 

aij = 0, otherwise. 

We define the Poisson structure by 

{xi,Vj} = Si,j, i,j = 0,...,n. 

Then the Hamiltonian system @ is invariant under the birational transformations r$, . . . , T2 n +i 
defined by 

r (xj) = t~ ao Xj, r (yj) = t a ° (vj + j-^-{s„ - tx , yj}^j , 
r 2 i+i(xj) = Xj + -^H{yuxj}, r 2 i+i(yj) = yj, i = 0,...,n-l, 

Hi 

r 2i {xj) = xj, r 2i (yj) = yj H — {xj-i - Xi,yj}, i = l,...,n, 

r 2n+ i(xj) = t a2n+1 ( xj + Q2n+1 {y n , X j} ) , r 2n+1 (yj) = t 

for j = 0, . . . , n and 

n(aj) = aj - OijOii ri(rj) = n + (-l) l ai, i,j = 0,...,2n + l. 
The group of symmetries (ro, . . . , r 2n+ \) is isomorphic to the affine Weyl group of type -A^n+i- 
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